The method of the present paper is based on the observation implicit in [4] and explicit in [5] (Proposition 2.2) that the strongly closed algebra generated by the range of P admits an order structure with particularly strong algebraic and topological properties and our approach is to exploit the very special features of this order structure by appropriately refining the techniques of [4] , thus bypassing those Banach space methods based on the existence of a (so-called) "Bade functional", which are not valid in the locally convex setting, even for metrizable spaces. More precisely, if Jί denotes the range of P, and {Jί) the strongly closed algebra in £P(X) generated by the range of P, we show first that the set of all densely defined linear mappings in X which admit a representation as a spectral integral J Ω fdP for some complex, Σ-measurable function /, has the structure of a Dedekind complete /-algebra {Jί)^ which may be identified with the universal completion of the /-algebra {Jί). It is then shown that the restriction of {Jί)^ to each cyclic subspace Jί\x\ x e X, itself a Dedekind complete Riesz space for the natural ordering induced by that of (^>, coincides precisely with the Riesz space Orth°°(^# [x] ) of all linear, densely defined, order bounded linear maps in Jί\x\ which are band preserving. If now T has domain satisfying the condition stated in the first paragraph and leaves invariant each ^-invariant subspace in X then the restriction of T to each cyclic subspace induces a densely defined linear mapping which is band-preserving. A key point in our argument is then to use appropriate extensions of the result of [14] to show that T is automatically order bounded and thus given in a local sense by (the restriction of) an element oί {Jί)^.
With a view to applications of the main results we consider certain aspects of the spectral theory of (unbounded) scalar-type spectral operators. In particular, we show in §6 below, that each scalar-type spectral operator T (in the sense of Dunford) admits a uniquely determined resolution of the identity which commutes with each continuous operator commuting with T and whose support coincides with the spectrum of T. Special cases of these results are of course well known and contained in [12] and [17] for everywhere defined operators and in [20] for a restricted class of densely defined operators. Rather than reduce our results to those known for the continuous case, we have preferred here to give a treatment which applies simultaneously to both continuous and unbounded scalartype operators, basing our approach as closely as possible on that outlined in [7] Chapter XV, but using the established algebraic and order structure as a tool for computation, the link between the present and earlier approaches being supplied by the abstract spectral theorem of Freudenthal. Finally, we show that the main results of the paper provide the tools necessary to extend to the locally convex setting, certain reflexivity theorems for (in general non-commutative) closed algebras of operators on Banach spaces containing Boolean algebras of uniform multiplicity one, due to Sourour [21] and Rosenthal and Sourour [19] .
The authors wish to thank A. R. Sourour for bringing to their attention the papers [21] , [22] , [18] , [19] , [13] . Part of this paper was written while the authors were guests of the Institut fur Mathematik, Johannes Kepler Universitat Linz and the authors wish to thank J. B. Cooper and members of the Institut for the kind hospitality extended during the period of their visit.
1. Some preliminary information. This paper is based mainly on the techniques developed in [4] (and [5] ). We assume that the reader has some familiarity with the theory of Riesz spaces. For terminology and basic facts used we refer to the books [11], [24] (for some information on topological Riesz spaces see [1]). The purpose of the present section is to gather for the convenience of the reader some of the results obtained in [4] (and [5] ) concerning the structure of strongly closed operator algebras generated by Boolean algebras of projections, and the corresponding cyclic subspaces.
Let X be a (complex) locally convex vector space. We assume that X is quasi-complete. By J?
# (X) we denote the space of all linear operators in X, and by <S£{X) we denote the subspace of SP^{X) consisting of all continuous operators. In J?
# (X) and ^(X) we consider the strong operator topology (i.e., topology of pointwise convergence). Note that
# (X)
is quasi-complete. Let Jί be an equicontinuous Boolean algebra of projections in X, i.e., Jί is an equicontinuous collection of mutually commuting idempotents in JS?(Jf), partially ordered by range inclusion, which is a Boolean algebra with respect to the lattice operations defined by E A F = EF and E V F = E + F -EF for E,F ^Jί. We always assume that / e Jί. We denote by {Jί) the strongly closed subalgebra of Se(X) generated by Jί, i.e., {Jί) is the closure of M = {Σ" =1 «,-£,: E; e«y#, a t e C (/ = 1,..., n), n e N}. Moreover, {Jί) # denotes the closure of M in JSP # (X). We recall that Jί is called strongly equicontinuous if E n -> 0 (strongly) for any disjoint sequence {E n }™ :=1 in Jί. It should be observed that the range of a (σ-additive) equicontinuous spectral measure is a strongly equicontinuous Boolean algebra of projections. Furthermore, Jί is called Bade-complete if Jί is complete as a Boolean algebra and E a t E in Jί implies that E a -> E with respect to the strong operator topology. As observed in [4], Proposition 4.7, an equicontinuous Boolean algebra Jί is strongly equicontinuous if and only (X) is, in fact, the topological completion of M ( [4] , Proposition 3.12) the lattice operations extend to {Jί)*. Now {Jί)* has the structure of a complex Dedekind complete Riesz space with locally convex locally solid Lebesgue topology ( [4] , Proposition 3.6). In particular, 0 < T a | T in {Jί)* implies that T a -> T strongly. Moreover, as shown in [4] , Proposition 4.2, with respect to composition as multiplication, {Jί)* is a complex /-algebra (i.e., the product of positive elements is likewise positive and if S,T,R e {Jί)* with S ± T, then RS ± T and SR JL T; see [24] , Chapter 20 for general properties of /-algebras). In particular, {Jί)* is commutative. As observed at the end of §2 in [5] , {Jί) is an order ideal in {Jί)*, and therefore {Jί) has the structure of a Dedekind complete complex /-algebra with locally sohd Lebesgue topology (but {Jί) is in general not topologically complete; however, if ££(X) is sequentially complete, then {Jί)* = (.#), as shown in [4] , Proposition 4.3). We note that, since we assume that Jί is Bade-complete, the Boolean algebra of idempotents in {Jί) is precisely( [4] , Proposition 4.4).
Next we say a few words about the structure of the cyclic subspaces of Jί. Fix x e X and put M(x) = {Tx: T tΞJί}. The mapping x -> Tx from M onto M(x) induces the structure of a complex Riesz space in M(JC), and the topology induced by X in M(x) is locally solid ( [4] , Lemma 3.3). Let Jί(x) be the closure of M(x) in X. Since Jί(x) is equal to the topological completion of M(x), Jί(x) has the structure of a complex Dedekind complete Riesz space with a complete locally solid convex Lebesgue topology ( [4] , Proposition 3.9).
Clearly, Jί(x) is Γ-invariant for any T e {Jί)*. The restriction T[x] of T to Jί{x) is, in fact, an orthomorphism in the Riesz space Jί{x) (i.e., T[x] is order bounded and y ± z in Jί(x) implies T[x]y ± z; see [24] , Chapter 20 for the general theory of orthomorphisms). The
into the space Orth(^#(x)) of all orthomorphisms in Jί{x) is a Riesz and algebra homomoφhism ( [4] , Propositions 4.1 and 4.2). This homomoφhism is, in general, not surjective. However, denoting by (Jf) f the principal order ideal in {Jί) generated by the identity, and, as usual, denoting by Z{Jί{x)) the centre of Jί{x) (i.e., Z(Jί{x)) is the principal order ideal generated by the identity in Orth(^#(x))), the homomoφhism maps {Jt)j onto Z(Jf(x)) ( [4] , Proposition 4.10). In particular, the band projections in Jί{x) are precisely the operators of the form E [x] with E e Jί.
2. Scalar-type spectral operators. Throughout this section, X will denote a quasi-complete locally convex space, and JS?( X) will denote the space of all continuous linear operators in X. In <£?( X) we consider the strong topology. In this section we will be concerned with linear operators T: @{T) -» X, where the domain 3){T) is a linear subspace of X. If T x and T 2 are such operators, then we write T λ c T 2 if ®{T^) c 2{T 2 ) and T λ x = T 2 x for all x e ^(T x ). Suppose now that Jί is a Bade complete Boolean algebra of projections in X and let {Jί) be the strongly closed subalgebra of J£?( X) generated by Jί. DEFINITION 2.1. The linear operator T will be called a spectral element with respect to Jί if there exists a sequence {E n }™ =1 in Jί such that (i) £" T / in Jί\ (ii) E n (X) c S(Γ) and Γ£ n e <uT> for all Λ;
(iii) Tx = lim^^ ΓJE W Λ: for all x e ^(Γ).
Such a sequence {£"} will be called determining for T.
It is clear from Definition 2.1 above that each spectral element T is densely defined. Further, it is easily checked that if T is a spectral element with respect to Jί and if {F n } QJί is any sequence for which F n t " / holds in ΛT, and such that F n {X) c S(Γ) and ΓF Λ e (^#> for all n e N, then also {i^} is a determining sequence for Γ. In particular if {E n } <zJί is a determining sequence for Γ, and if { F n } c ^ is a sequence such that F n < E n for all n e N and F w t n / holds in Jί, then { i^} is a determining sequence for T. It follows that if S and T are spectral elements with respect to ^ then there exists a sequence {E n } c ^# which is determining for S and T simultaneously.
Spectral elements Γ, T' are called equivalent, written T -T' if there exists a sequence {£"} c^T with E n J \ n I such that £ W (X) c Q){T) Π and Γ^ = ΓΈ Λ e (^#) for all n e N. It is clear that such a sequence {E n } is determining for both T and T\ Further, it is clear that the relation so defined is reflexive and symmetric. Since E n F n / [ I whenever {E n } and { F n } are sequences in Jί with E n \ I and F n T /, it follows readily that the given relation is transitive as well, and so is an equivalence relation. If T is a spectral element, we denote by [T] the equivalence class of spectral elements determined by T. It is not difficult to see that spectral elements T and T" are equivalent if and only if there exists a spectral element S such that ScΓ and S c T'.
The following Proposition plays a basic role in what follows, and should be compared with XVIII 2.6 of [7] . PROPOSITION Proof. Let {E n } be a determining sequence for the given spectral element T. Define 2{t) = [x G X: lim^^ TE n x exists} and if x G S){T) define tx = lim π _ 00 TE n x. It is clear that f is a spectral element with determining sequence {E n }, and that T Q t, so ts [T], Note that ΓJ? Λ = TE n for all w. Furthermore, observe that TE n z = £ Λ 7z for all z G Θ{T) and all π. In fact, z <= @(t) implies that
We now show that t is closed. Suppose that {x τ } c β)(T\ x, j G X are such that x r -* x and Γx τ -» j;. For any l? w we have TE n G (^#), so 7ΐ n x = lim ΓJE π x τ = Um E n fx τ = Wlim 7x τ ) = £^.
Hence, since E n T /, we find that lim TE n x -lim E n y -y, n-* oo n->oo which implies that x e J(Γ) and ίx = j. To see that S)(f) is ^-invariant, let E^Jί and suppose that x G ^(Γ). Then TE n (Ex) = E(TE n x) for all Λ, and so lim n _ 0O TE n (Ex) = J^Γx, which shows that £x G ,@(Γ) and TΈx = Next we prove that t is maximal in [T] . To this end, take any S G [Γ], and we will show that S c f. Since S and T are equivalent, there exists a sequence {F n } Qjf such that F n | /, F n {X) Q @{S) C\ 2{T) and TF n = SF n e (^) for all n. As observed earlier, {F n ) is a determining sequence for both S and Γ. Replacing F n by i 7^, we may assume that F n < E n for all n. For x e X we then get in Jί and \TE n \ < nl for all n (we use here the canonical Riesz space structure of {Jί)*). In fact, let E n be the component of the identity operator / in the band generated by the operator (nl -\T\) + in {Jί)*. Hence, the sequence {E n } has the properties that E n ΐ / in Jί, TE n e {Jί) for all n and lim^^ TE n x = Tx for all x e X. This shows that T is a scalar-type spectral operator with respect to Jί. Conversely, assume that T is an everywhere defined scalar-type spectral operator. It follows from the definition that there exists a sequence {E n } c Jί such that TE n e {Jί) for all n and TE n -> Γ strongly in &*(X). Hence, ΓG As observed in [4] We denote by {Jί)^ the collection of all scalar-type spectral operators with respect to Jί. We show now that {Jί)^ may be endowed with the structure of a commutative algebra, which extends that of {Jί). As usual, if S and T are linear operators in X with domain «®(5) and 3){T) respectively, then Q(S + T) = 9{S) Π 2{T) and (S + T)x = Sx + Tx for all x e 9(S + T). Furthermore, 2{ST) = {x e 9{T)\ Tx e 2{S)} and (ST)x = S(Tx) for all x e ^(ST). We need the following preliminary result, the proof of which is straightforward and therefore omitted. We may now exhibit the algebraic structure on (^) 00 . DEFINITION 2.7. If S and T are scalar-type spectral operators with respect to Jί, then the scalar-type spectral operators S 4-T and S T are defined to be the maximal representatives of the corresponding classes
It is useful to observe that, if S,T,Re (Jί)^ are given, then (1) S + T = R if and only if there exists a sequence {E n } in Jί which is determining for both S and Γ, such that E n (X) c Sι{R) and SE n + F£ w = i?£ M for all n.
(2) S T = 2? if and only if there exists a sequence { i? π } in Jί which is determining for both S and Γ, such that E n (X) Q @(R) and
The proof of the following result is now straightforward and accordingly the details are omitted. PROPOSITION 
With respect to the above introduced operations, (Jί)^ is a complex vector space and a commutative algebra with the identity operator as unit, which contains (Jί) as a subalgebra.

(Jί)^ as the universal completion of (Jί).
In this section we will show that the algebra (Jί)^ of scalar-type spectral operators can be endowed with the structure of a universally complete unital /-algebra, which can be identified with the universal completion of the Dedekind complete unital /-algebra (Jί).
We recall first that the ( If L is a (complex) Dedekind complete Riesz space with universal completion L", then the Boolean algebra of band projections in L u is isomorphic (by restriction) to the Boolean algebra of band projections in L. Moreover, if we assume in addition that L has a weak order unit e, then there exists for any / e L u a sequence {P n }™~ι of band projections such that P n / \ I and such that \PJ\ < ne, and hence PJ e L, for all n = 1,2,
In fact, we may take P n to be the projection onto the band generated by the element (ne -|/|) + . Furthermore, if L is an /-algebra with unit e, then the /-algebra multiplication in L extends uniquely to an /-algebra multiplication in L", such that the element e is the unit element in ZΛ For details, see [15] .
Suppose now that Jί is a Bade-complete Boolean algebra of projections in the quasi-complete space X. The strongly closed subalgebra {Jί) of J?(X) generated by Jί, has the structure of a Dedekind complete (complex) /-algebra with unit element /. In the universal completion {Jl) u we consider the /-algebra structure which extends the structure of 
, there exists a sequence {E n } QJt with £" T / such that T 1 "^ G (~#) for all n. It follows from the above observation that if x G X, w > m and
We define the linear operator T o by setting 2{T 0 ) = \J™=ιE n (X) and if
M £ n for all w. It follows now that T o is well-defined and is a spectral element with determining sequence {E n }. We define T = T o , the maximal extension of T θ9 and note that {E n } is a determining sequence for T (see Proposition 2.2). Suppose now that E ^Jΐ and
Ex for all x G X. Now assume that S G <^> 00 has the property that ΐ'(X) c S(S) and SE = T U E whenever E ^M with T U E G (^#). This implies immediately that ^(-Y) c ^(S) Π ^(Γ) and Sf: π = TE n for all w, and so S and 7 1 are equivalent. Since S and T are both maximal, it follows that S = T and the lemma is proved.
If T u G (-#)", we denote by ψ(Γ M ) the unique element of {Jί) whose existence is shown in Lemma 3.1. Note that ψ(Γ) = T for all T ^ {Jί). It follows from the proof of the above lemma that the sequence {E n } in Jί is a determining sequence for ψ(Γ") whenever E n T / in Λf and Γ"£ n G <^#) for all n. We now show that {Jί)^ may be identified with {Jί) u .
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PROPOSITION 3.2. The above defined mapping \p is an algebra isomorphism of the f-algebra {Jί) u onto the algebra
Proof. First of all, using the remark following Definition 2.7 in combination with the observation preceding this proposition, it is routine to show that ψ is an algebra homomorphism. To see that ψ is injective, suppose that T u e {Jί) u is such that ψ(Γ M ) = 0. This implies that T U E = ψ(T u )E = 0 for all E e Jί with T U E e {Jί), and since {Jί) is an order dense ideal in {Jί) u , we conclude that T u = 0. To show that ψ is surjective, let T e {Jί)^ be given and let {E n ) c ^# be a determining sequence for Γ. Define i^ = JE^ and F n = E n -E n _ 1 (n = 2,3,...). It is clear that {F n } is a disjoint sequence in Jί and suρ M .F Λ = /. Moreover, {TF n } is a disjoint sequence in {Jί). Now let T u = sup n TF n in {Jί) u , and note that Γ"F M = TF n for all w. Hence T u E n = Γ£ w , and so ψ{T u )E n = T u E n = TE n for all «, which shows that T = ψ(Γ"). Therefore ψ is a bijection of {Jί) u onto {Jf) oo9 and by this the proof of the proposition is complete.
We observe that, if {Jί)^ is given the partial ordering induced by the mapping ψ, then {Jί)^ is a universally complete unital /-algebra containing {Jί) as an order dense sub-algebra. From now on, we will identify the universal completion {Jί) u with {Jί)^. We conclude this section by observing that each element of has a familiar polar decomposition. PROPOSITION 
If S e {Jί)^ ( hen there exists Fe {Jί) with \V\ = I such that S=V-\S\ and \S\
The proposition is an immediate consequence of the complex form of the Freudenthal spectral theorem and the fact that Z((^#) oo ) is precisely the order ideal generated by / in {Jί). See [5] , Proposition 2.3 and [24] , Theorem 141.1 for details. We note for future reference that an immediate consequence of Proposition 3.3 is the simple fact that 3>(S) = 2(\S\) for each S e (^#> 00 .
4. Scalar-type spectral operators as extended orthomorphisms of cyclic subspaces. If Jί is an equicontinuous Bade complete Boolean algebra of projections in the quasi-complete space X, and if x e X, then Jί{x) will denote the cyclic subspace generated by x. With the canonical order structure induced by the Boolean algebra Jί, the space Ji(x) is a complex, Dedekind complete Riesz space, with a complete, locally solid Lebesgue topology. In this section, we will show that the restrictions to Jί(x) of the scalar-type spectral operators relative to Jί coincide with the extended orthomorphisms of the Riesz space Jt(x). We recall first some relevant facts from the theory of orthomorphisms. See, for example, [24] Chapter 20, and [9] .
Let L be an Archimedean (real) Riesz space. An extended orthomorphism in L is an order bounded linear mapping TΓ from an order dense ideal 3){m) in L into L, with the property that πf ± g for all / e S(τr) and g e L with / ± g. Each extended orthomorphism TΓ is order continuous, i.e., w τ |0 in ,®(τr) implies that inf τ |τrt/ τ | = 0 in L ( [10] , Theorem 1.3). By the same method as used in the proof of [24] , Theorem 140. 4 , it follows that any extended orthomorphism π can be written as TΓ = τr + -τr~, where π + and π" are positive extended orthomorphisms with domain B(m\ and τr + w = (τrw) + , ττ~u = (ττw)~ for all 0 < u e ^(TΓ). Furthermore, the absolute value of π is defined by |τr| = τr + + ττ~. Note that
Since extended orthomorphisms are order continuous, it follows that any extended orthomorphism TΓ has a unique maximal domain <2> w (τr). Two extended orthomorphisms are considered to be the same if they agree on some order dense ideal (equivalently, if their maximal extensions coincide). The set of all extended orthomorphisms in L (with the above identification) is denoted by Orth°°(L), which is clearly a vector space with respect to the pointwise operations. A partial ordering in Orth°°(L) is defined by setting ττ x < ττ 2 if π λ u < τr 2 w for all 0 < u e ^(π x ) Π S(τr 2 ), and with respect to this partial ordering, Orth°°(L) is a Riesz space, such that (ττ x V ττ 2 )w = (T^W) V (τr 2 w) and (π λ A TT 2 )U = (ττ x w) Λ (τr 2 w) for all 0 < u e 9{τr γ ) Π ®(ir 2 ). Moreover, Orth°°(L) is laterally complete ( [10] ).
If ττ x , τr 2 e Orth°°(L), then ^(τr x τr 2 ) = ^1(^(τr 1 )) is an order dense ideal in L ( [10] ), and the composition ττ x τr 2 is an extended orthomorphism. With respect to composition as multiplication, Orth°°(L) is an /-algebra with the identity operator as the unit element. The space of all orthomorphisms in L is denoted by Orth(L), which is a subalgebra of Orth°°(L). If L is Dedekind complete, then Orth°°(L) is Dedekind complete, hence universally complete, and Orth(L) is an order ideal in Orth°°(L).
All of the above results extend immediately to the complex setting, by means of complexification. We shall have need for the following simple characterization of the maximal domain of an extended orthomorphism. w / (topological convergence). Since TΓ is closed, this implies that / G 2{m\ and hence 9(π) = S w (τr).
P. G. DODDS AND B. DE PAGTER
Suppose now that Jt is an equicontinuous Bade complete Boolean algebra of projections in the quasi-complete space X. If x e X, as above, we denote by Jt{x) the smallest closed ^-invariant subspace of X containing x. With the canonical Riesz space structure induced by Jt, Jt(x) is a complex, Dedekind complete Riesz space with a complete Lebesgue topology (see, for example, Proposition 3.9 of [4] ). We gather some simple properties of the domains of scalar-type spectral operators. Proof, (i) This follows simply from the ^-invariance of 3){T) and the fact that T is closed.
(ii) If x e X is given, suppose that y, z e ^(x) and that |z| < \y\ holds in ^#(x) with y e S(Γ). By the Freudenthal spectral theorem, there exists A e Z(^(JC)) such that z = ^4j. By Proposition 4.10 of [4] , there exists S e <-#> such that A is the restriction of S to ^#(x). It follows from part (i) that z e S(Γ), and so 3){T) C\Jί{x) is an order ideal in Jt(x). To see that 2{T) Γ\Jί{x) is order dense in Jί{x) it suffices to note that if 0 < y e ^#(x) and if {E n } Qjf is any determining sequence for Γ, then £ n j> e S)(T) Π ^(x) for all n and £ rt^ t J Part (iii) follows immediately from Corollary 2.4(iii). Proof. Let{ E n } c Jt be any determining sequence for T. Suppose that J,ZG @(T) Γ)Jf(x) and that |j^| < \z\in uίr(jc). Since TE n e (^), it follows from Proposition 4.1 of [4] that \TE n y\ < \TE n z\ for n = 1,2,.... Taking the limit as w -> oo, we obtain \Ty\ < \Tz\, which shows that T[x] is order bounded.
If now y e S)(T) C\Jt{x) and zel(jc) such that y ± z, then it follows once again from Proposition 4.1 of [4] that TE n y ± z for all «, and consequently Ty JL z. Hence T[x] e Orth°°(^(x)). Finally, since Γ is closed, it is clear that T[x) is closed as well, and so it follows from the remark following Lemma 4 
.1 that <3(T) nJK(x) is the maximal domain of T[x].
The carrier E x e Jί of x e X is defined by setting 2?^ = inf{2? e ^#: 2£x = JC}. The mapping Φ x from {Jί)^ into Orth°°(^(x)) is defined by setting Φ X (T) = Γ [x] . By the preceding lemma, it should be noted that T[x] is in fact the maximal representative of the equivalence class it determines in Ort\f° (Jί(x) ). Further, for any xelwe denote = {7Έ X :T In the proof of the next result the following observation concerning orthomorphisms will be needed. Let L be a (complex) Dedekind Riesz space, and take 0<ίrG Orth°°(L). We assert that there exists a disjoint sequence {P Λ }~β l of band projections in L such that sup n P n = / and 0 < <πP n < nl (and hence πP n e Z(L)) for all n. Indeed, let Q n be the component of / in the band {(nl -π) + } dd . Then Q n t / and ττQ n < nl for all n. Defining P λ = β! and P n = Q n -Q n _ 1 ίoτ n > 2, the sequence {P n } has the desired properties. Proof. It is not difficult to see that Φ x is a positive algebra homomorphism from (^#) 00 into Orth°°(^#(x)), and consequently, Φ x is a Riesz homomorphism.
To see that Φ x is order continuous, suppose that T o > T τ 10 in {Jί)^ It may be assumed that Γ o > /, so that ΓQ" 1 exists in (^> 00 , by [24] Theorem 146.3. It follows from the order continuity of the multiplication in the /-algebra (^> 00 that / > TQ X T T |0 in {Jί). Since the restriction of Φ x to (Jf) is order continuous ( [4] , §4), we get
the order continuity of the multiplication in Orth°°(^(x)) implies that T τ [x] |0 in Orth°°(^#(jc)).
We show now that the mapping Φ x is surjective. To this end, let 0 < A e Orth°°(^(x)) be given. By the remark preceding the proposition, there exists a sequence {P n }™=ι of band projections in the Riesz space Jί{x) such that P n A P m = 0 for n Φ ra, sup M P n = / and 0 < AP n < nl in OτX\f° (Jί(x) ). Clearly, {AP n } is a disjoint sequence in Z(Jί(x)) and sup n AP n = yi. By (Jt)j we denote the order ideal in (Jί)^ generated by /, and let E x be the carrier projection of x. It follows from [4] , Corollary 4.12, that Φ x induces an /-algebra isomorphism from E x {Jί)j onto Z (Jί(x) ). Therefore, there exist {T n }^x in (Jί) I such that 0 < T n < nE x for all n, and T n A T m = 0 for n Φ m such that Φ x (T n ) = T n [x] = AP n for n = 1,2, Since (Λί)^ is universally complete, there exists an element ΓG (^r) 00 such that T = sup w Γ w . By the order continuity of Φ x we find
Φ,(Γ)-Φ x (sup L7i)-sup ΣΦ x (T k )
= SU P n which shows that Φ x is surjective. For the proof of the last statement of the proposition, let N x be the kernel of Φ x . Since Φ x is an order continuous Riesz homomorphism, N x is a band, and so (^) 00 = N x Θ N x . By the above, Φ x is surjective so Φ x induces an isomorphism from N x onto Oτύf°(jf(x)). It is easily checked that E x is precisely the component of / in N χ9 and so N x = E x (Jί)^. Therefore, Φ x induces an isomorphism from E X (M)^ onto Orth°°(~#(x)), and by this the proof of the proposition is complete.
We conclude this section with a result which generalizes Theorem 3.15 in Chapter XVII of [7] . See also [6] , Proposition 2.2. First assume that L is a Dedekind complete Riesz space with weak order unit 0 < e e L. We claim that for every / e L there exists a (unique) π e Orth°°(L) such that πe = /. In fact, first note that we may restrict ourselves to the case that / > 0. Let u n be the component of / in the band generated by (ne -f) + for n = 1,2,..., then 0 < u n t " / and 0 < u n < ne for all n. Now define w λ = u λ and w n = u n -u n _ λ for n > 2, then {w n }™ =1 is a disjoint sequence in L such that 0 < w n < ne for all n and /= sup M w n . By the Freudenthal spectral theorem, for each n there exists π n & Z(L) such that ττ n e = w n and 0 < π n < nl. Since {w n } is a disjoint sequence, we can assume that {π n } is a disjoint sequence as well. Since Orth°°(L) is universally complete, π = sup n π n exists in Orth°°(L). Since sup^e = SU P» W Λ -f ^ L 9 it follows from the remark following Lemma 4.1, that e G ,®(7r) and me =/, where 9>(ii) denotes the maximal domain of π. Combining this observation with the result of the preceding proposition, we obtain the following result. PROPOSITION 
Let Jί be an equicontinuous Bade complete Boolean algebra of projections in the quasi-complete space X. For x e X and y^M{x)
there exists T e (Jί)^ such that x e Sd(T) and Tx = y. Hence, Jί{x) = {Tx: ΓG (Jί)^ andx e 9{T)}. 5 . Reflexivity of scalar-type spectral operators. Let Jί be an equicontinuous Bade complete Boolean algebra of projections in the quasi-complete space X. As before, we denote by (Jί) the strongly closed subalgebra of <£?( X) generated by Jί, in which we consider the canonical Riesz space structure. By (Jί)jwe denote the order ideal generated by / in (Jί). Let T be a densely defined linear operator in X with (Λ?)/-invariant domain 2{T). Suppose that T leaves invarant each ^-invariant subspace of X, i.e., if Y c X is a closed, ^-invariant subspace, then T(@(T) Π y) c 7. In particular, if £ G^#, then T{2{T) Π £(ΛΓ)) c £(X). It follows routinely that TEx = ETx for all JC e 0(Γ) and E ^Jί. Note that we do not assume that T is closed.
If x G I, then we denote by T[x] the restriction of Γ to Q){T) Π c^(x), so T\x\ is a linear operator in Jί{x) with domain «@(Γ) C\Jί(x).
In the next proposition we collect some properties of T [x] . PROPOSITION 
If T is a densely defined linear operator in X with (Jί) Γ invariant domain, if T leaves invariant each Jί-invariant closed subspace of X and if x e X, then (i) 2){T) Π Jί{x) is an order ideal in Jί{x). (ϋ) T[x] is a band preserving operator.
Proof, (i) Suppose y,z <= Jί{x) and \y\ < |z|, z e 2ι{T) Γ\Jί(x). As in the proof of Lemma 4.2(ϋ), there exists SG («^)/> such that j; = Sz.
Since ^(Γ) is (^) Γ invariant, it follows that y e S(Γ) Γ\Jf(x).
(ii) Now suppose that j; e S(Γ) C\Jί(x) and z G^(χ) such that y ± z. Then there exists E ^Ji such that £y = ^ and Ez = 0. Since y ^2){T\'\\ follows that 7> = TEy = £7>, so £(7» = Ty and £z = 0, which shows that Ty ± z.
Our next objective is to show that T[x] is in fact an order bounded operator from @)(T) Π Jί{x) into Jί(x).
For this puφose we make some remarks concerning band preserving operators. Let L be an Archimedean Riesz space and let A be an ideal in L. Suppose that T is a band preserving operator from A into L. A straightforward modification of the proof of [14], Proposition 6 shows that if T is order bounded on some order dense ideal in A, then T is order bounded on A.
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LEMMA 5.2. Let L be a uniformly complete Riesz space with a separating family of order continuous linear functional. Suppose that A is an ideal in L and that T is a band preserving operator from A into L. Then T is order bounded.
Proof. By the above remark, it is sufficient to prove that T is order bounded on some order dense ideal in A. As in the proof of [4] , Lemma 2.6, we may restrict ourselves to the situation that there exists a strictly positive order continuous linear functional. It is then clear that for any positive disjoint sequence {w n }^> ==1 in L there exist real numbers λ n > 0 (n = 1,2,...) such that {λ n w n }™ =ι is not order bounded in L. Considering T as a disjointness preserving operator from A into L, we can apply [14] , Theorem 8, which shows that T is order bounded on some order dense ideal in A.
We now return to the situation of Proposition 5.1. Applying the above observations to the operator T[x] we get the following result. PROPOSITION For any E^Jί, the operator TE is defined by TEx = T(Ex) for all x G 2(TE) = JE-^Γ)). Note that ®(T) c ^(ΓB), so 7Έ is densely defined. An appropriate modification of the proof of Lemma 5.3 in [4] yields the following result. LEMMA 
Let T be as in Proposition 5.1. For each x G X the operator T[x] is band preserving and order bounded from the ideal Sf{T) Π Jί(x) into Jί(x). If x G X is such that 3){T) dJf(x) is order dense in Jί{x\ then T[x] G Orth°°(^(x)). In particular, T[x] e Orth°°(ur(jt)) for all x e 9)(T).
Proof. Since
Suppose that T is as above and x e 3>(T). If Tx
where E x is the carrier projection of x in Jί. PROPOSITION 
Let T be a densely defined linear operator in X with (Jί) r invariant domain 3){T). If x e 2{T) and if E x is the carrier projection of x in Jί, then there exists S e E x (Jί)^ such that TE X c S.
Proof. Since x e 2){T\ it follows from Proposition 5.3 that T\x\ e Orth°°(^(jc)). Therefore, by Proposition 4.4, there exists a (unique)
. We assert that TE X c S. Indeed, let { E n)™=i be a determining sequence for S, and define the operators R n = SE n -TE n with domain 2(R n ) = 2{TE n ) = [y ^ X: E n y e <@(Γ)} for π = l,2,.... Since ^(Γ) c ^(i? n ), it follows that #" is densely defined. Furthermore, 3)(R n ) is (./#) r invariant and i? Λ leaves invariant all ^-invariant closed subspaces of X. Moreover, x G S){R n ) and i? w x = S£ n jc -Γ£ n x = ^[XI^JC -ΓfxJ^jc = 0, and so it follows from Lemma 5.4 that R n E x c 0. We thus have shown that TE n E x c SE n E χ9 i.e., that Γ^^ c SE n for all Λ. NOW take y e 2{TE X ) i.e., ). Then £ Λ< y -> 7 as £ w T / in Jί, and
Hence, since S is closed, 7 G S(S) and Sy = Γ^j. This shows that TE X c S, and the proposition is completely proved. LEMMA We are finally in a position to prove the main result of this paper. THEOREM 
Let T be a densely defined linear operator with (Jί) finvariant domain 3)(T). Assume that T leaves invariant each
Let Jί be an equicontinuous Bade complete Boolean algebra of projections in the quasi-complete space X. Let T be a densely defined linear operator in X with (<^)finvariant domain 3){T). The following statements are equivalent. (i) T leaves invariant all ^-invariant closed subspaces of X. (ii) T is closable and its closure f belongs to
Proof, (ii) => (i) 
a(^)
such Λat TE a c S α . Then {,S α : αGi}isa disjoint system in (^) 00 , and since (^) 00 is laterally complete, there exists a unique element S e {^)oo such that 5Ί? α = *S α for all a. We will show now that T Q S. To this end, we define for every finite subset & of & the projection E str = Σ a&^Ea . Clearly, E^\I in ^T. Take JC e ^(Γ), then £^x -^ JC and Λ; G @{TE a ) for all α ei Hence, c e <^(S α ) and S a x = TE a x for all a. Therefore, E^x G ^(5) for all finite subsets J*" of £ and S£^x = TE^x = Ec?Tx -> Γx.
Since 5 is closed, this implies that x & 2{S) and Sx = 7!x, which shows that T Q S.
It follows from the inclusion T Q S and from the closedness of S, that T is closable. Let f denote the closure of Γ, so T c f c S. We claim that f = S. First note that ^(f) is ^-invariant. Indeed, suppose that x e ^(f) and E^Jί. Then there exists a net {x α } in 2){T) such that x α -* jc and Γx α -* 73c. Hence, Ex a -> £x and Γ£;c α = ίTx^ -> ETx, which shows that Ex e S(f) and TTEJc = J?73c. This implies that Q(T) c 2){TE\ and hence ^(7Έ) is dense, for all E^Jί. Now let {£J be a determining sequence for S in ^. Clearly 72? π c *SJ? Λ for all /i = 1,2, -Since 7!E Π is closed and densely defined, and since SE n is continuous, it follows that TE n = SE n for all w. Now take x e S(5), then 5£ Π JC -* 5x. We thus have E n x -• JC, J? Λ JC e S(f) and f£ π jc = SE n x ~> 5x. Since f is closed we may conclude that x e S(f) and 7x = Sx. This shows that Scf, and hence f = 5 e (^> 00? by which the theorem is proved.
Note that, by the observation in Corollary 2.5(i), the above theorem includes the result of Theorem 5.5 in [4] . COROLLARY 
Let Jί be an equicontinuous Bade complete Boolean algebra of projections in the quasi-complete space X. Let T be a densely defined, closed linear operator in X with Jί-invaήant domain 3){T). The following statements are equivalent. (i) T leaves invariant all Jί-invariant subspaces of X. (ii) T e {Jί)^, i.e., T is a scalar-type spectral operator with respect to
Proof. Only the implication (i) => (ii) needs a proof. By the above theorem it is sufficient to show that 2{T) is in fact {Jί)/-invariant. To this end, first observe that TEx = ETx for all XGS(Γ) and E ^.Jί (same argument as at the beginning of the present section). Let M be the linear subspace of ^(X) generated by Jt. Clearly, 3){T) is M-invariant and TSx = STx for all XG®(Γ) and S e M. Now take ceS(Γ) and R & {Jt) v Then there exists a net {S a ] c M such that S a -+ R strongly. Hence S a x e 2(T) for all α, S a x -* Rx and TS a x = S a Tx -> RTx. Since T is closed, this implies that Rx e 2{T), and we are done.
We end this section with an example which shows that in Theorem 5.7 the condition that 2(T) is {Jί)j invariant cannot be weakened tô -invariance of 8){T). Now it is not difficult to find a sequence {/"}JL X in @(T) such that f n -> 0 (norm) and Tf n = 1 for all w, which shows that T is not closable.
We will indicate in the next section that the preceding Theorem 5.7 and Corollary 5.8 extend results of Masani and Rosenberg [13] , Rosenthal and Sourour [18] , [19] and Sourour [21] , [22] . Moreover, even in the case that X is Banach, the result of Theorem 5.1 appears to be new.
6. The spectrum of a scalar-type spectral operator. We begin by showing that if Jί is a Bade complete Boolean algebra of projections in X and if T is scalar-type spectral with respect to Jί i.e. if T e (Jί)^ then T is scalar-type spectral in the sense of Dunford. Conversely, if T is scalar-type spectral in the sense of Dunford, then there exists a Bade complete Boolean algebra of projections Jί for which T e (Jί)^.
A spectral measure in X is a countably additive map E: $8 -> &(X) whose domain 3$ is a σ-algebra of subsets of some set Ω, which is multiplicative and satisfies E(Ω) = /. The spectral measure E is called equicontinuous if the range of E is an equicontinuous subset of JP(X) and closed if its range is a Bade complete Boolean algebra of projections in X. If E: ^?->JS?(X) is a spectral measure and / a complex valued -measurable function, then / is said to be is-integrable if / is integrable with respect to the complex measure (Ex, x') for each x e X, x f e X' and there exists an operator, denoted f Q fdE, in &*(X) such that for each x e X, x' e X'.
The class & ι (E) of all 2?-integrable complex functions on Ω is a Riesz space for the pointwise ordering on Ω, containing all bounded -measurable functions. The ^-measurable function / on Ω is said to be 2?-null if / is 2?-integrable and J Q jdE = 0. The class of complex £-null functions on Ω is an order ideal in 3?
ι (E) and the corresponding quotient space is denoted by L ι (E). If E is closed, then the map / -» j^fdE is an order isomorphism of L ι (E) onto (Jί)* where Jί is the closure of the range of E in ££{X). If now / is a ^-measurable complex valued function on Ω, the spectral integral j^fdE is defined as follows. If {B n } is any sequence of ^-measurable subsets of Ω such that χ B t n χ Q in L\E) and fχ κ e L\E\ n = 1,2,... Suppose now that T is a scalar-type spectral operator in X in the sense of Dunford, with representation as a spectral integral given by f a fdE, with E: 36 -* J?(X) an equicontinuous spectral measure. If Jt denotes the closure in <£?(X) of the range of the spectral measure E, then Jί is a Bade complete Boolean algebra of projections in X and it follows from Definition 2.3 above and [6] , Proposition 1.8 that T is a scalar-type spectral operator with respect to Jί, i.e. that T is an element of (Jί)^. Since (Jί) is Dedekind complete and has Lebesgue topology, it follows from the Kluvanek extension theorem ( [8] p. 118; see also [23] Chapter 11) that E o extends to a countably additive measure, which we denote by E, on the Borel subsets of C. As in Proposition 3.6 of [6] , it follows that E is an ^-valued equicontinuous spectral measure. From the Freudenthal spectral theorem and the dominated convergence theorem, it follows that
Conversely, if
TE(δ)= ί zχ δ dE
Jr holds for all compact subsets δ c C and it follows immediately that T = j c z dE, so that T is a scalar-type spectral operator in the sense of Dunford. In the sequel, we will use the term scalar-type spectral operator without risk of confusion of terminology.
Suppose now that P: Σ -* J?(X) is a closed spectral measure with Σ a σ-algebra of subsets of some set Ω, and let Jί be the range of P. We denote by J£ ?0 (P) the linear space of all complex valued Σ-measurable functions on Ω. JS?°(P) is clearly a complex Riesz space, in fact an /-algebra with respect to the pointwise ordering, and by [6] , Proposition 1.8, it follows that the order ideal of P-null functions in <g°(P) is an algebraic ideal as well as an /-subalgebra. We denote by L°(P) the corresponding quotient space. PROPOSITION 
If P: Σ -> ^(X) is a closed spectral measure and if
Jί is the range of P, then the map P: f -> fafdP, f e J2
?0 (P) induces an f-algebra isomorphism of L°(P) onto Proof. We continue to denote the induced mapping by P. We show first that P maps L° onto {Jί)^ If T e (Jί)^ it suffices to show that there exists / e &°(P) such that T = f Q fdP. From above, there exists an equicontinuous spectral measure E defined on the Borel subsets 3$ of the complex plane such that T = f c zdE. Let {B n } be any sequence of compact subsets of C for which B n | n C. For each n = 1,2,... there exists G n eΣ and /" e L\P) such that P{G n ) = E(B n ) and
Without loss of generality, it may be assumed that G n T n Ω and that /" = 0 on Ω \ (?", n = 1,2,.... It follows that so that we may further assume that f n+ι = f n holds on G n , for « = 1,2, We now define / by setting /(ω) = f n (ω) if ω e G n . It is clear that / is Σ-measurable and from
it follows readily that T = / Ω /dP. To see that P is an algebra isomorphism of L°(P) onto (^> 00? suppose that /, g e <5?°(P) and let {G rt } be any sequence in Σ such that G n | M Ω and such that /χ Gn , gχ Gn e &\P\ n = 1,2, Since the restriction of P to L 1^) is an algebraic isomorphism of L\P) onto <^#> # , it follows that P(fgXo n ) = and for n = 1,2, It follows readily from the remark following Definition 2.7 that
Finally, since the restriction of P to L\P) is* a Riesz isomorphism of L\P) onto (^) # , it follows that P is a Riesz isomorphism of L°(P) onto <^) 00 and by this the proposition is completely proved.
In view of Proposition 6.1 preceding, Theorem 6.2 and Corollary 6.3 following are now no more than a reformulation of Theorem 5.7 and Corollary 5.8 above. If P: Σ -> 3?{X) is a spectral measure, we denote by «S?°°(P) the linear space of all bounded complex Σ-measurable functions on the underlying set Ω. (ϋ) There exists/ e &°(P) such that T = f Q fdP.
We remark that Corollary 6.3 above was proved by Masani and Rosenberg [13] for the case that X is a Hubert space; by Bade [2] for the case that X is Banach and T continuous and by Sourour [22] for the case that X is Banach and T is densely defined and closed. The methods of these papers do not extend to the locally convex setting. For the case that X is locally convex and T is continuous, then Corollary 6.3 was proved, explicitly, in [6] (Proposition 1.5 and Theorem 3.1) and, implicitly, in [4] , Corollary 5.6. The methods of the present paper follow those of [4] , and this approach yields the stronger result, Theorem 6.2 above, which appears to be new, even for the case that X is Banach. In the Banach space setting, a special case of Theorem 6.2 may be found in [19] , Theorem 7.
We turn now to questions related to the spectrum of scalar-type spectral operators. If X is a Banach space and T a scalar-type spectral operator on X, then it is well known ( [7] , Chapters XV, XVIII) that T has a uniquely determined resolution of the identity which commutes with each continuous linear operator commuting with T and whose support is precisely the spectrum of T. In the locally convex setting, these questions have been considered for continuous operators in [12] and [17] , and for unbounded operators with non-empty resolvent set in [20] . We show now that these results permit exact extensions to locally convex setting. As in previous sections, our approach is via order structure and this permits a treatment which applies simultaneously to bounded and unbounded cases. While we follow as closely as possible the arguments of [7] , Chapter XV, the main difference in the present approach is that we exploit the algebraic structure of the algebras (Jί)^ where Jί is a Bade complete Boolean algebra of projections in X.
Let T be a linear operator in X with domain S ( 
\zE(8) -TE(δ)\E(8) > d(z 9 δ)E(δ) holds in
The preceding lemma may be proved by a direct application of Proposition 6.1 above. An intrinsic proof may be based alternatively on the properties of the Freudenthal spectral system as in [11] § §38, 56. We omit the details.
If Jt\ T and E are as in the statement of the preceding lemma and if δ is a Borel subset of C, we denote by δ the closure of δ and by Γ δ , Jί δ the restrictions of Γ, Jί to E(δ)(X) respectively. Note that Jί\ is a Bade complete Boolean algebra of projections in E(δ)( X) and that T 8 PROPOSITION If Γ, £, Jί are as above, the essential step required to characterize the range in X of each projection in the range of E is given by the following lemma. See, for example [7] Lemma XVIII 2.3. As the proof may be based on Proposition 6.5 above and arguments similar to those of [7] , XV 3.1, 3.2, 3.4, the details will be omitted. If T is a scalar-type spectral operator in X, a resolution of the identity for T is any equicontinuous spectral measure F: 3& -> «£?( X) defined on the Borel subsets Si of the complex plane such that j c zdF is a representation of T as a spectral integral. We remark that if F is a resolution of the identity for T and if Jί is the closure of the range of F in J?(X), then it is a consequence of the uniqueness of the Freudenthal system ([11], Theorem 40.8) that F coincides with the spectral measure on 38 generated by the Freudenthal system of T in Jί. PROPOSITION 
// T is a scalar-type spectral operator in X then T has a unique resolution of the identity.
Proof. Suppose E, F are resolutions of the identity for T. By the remark immediately preceding the proposition, it may be assumed that E, F are generated by the Freudenthal systems of T in (^> 00 , (^Ooo where Jί, JΓ denote respectively the closures of the range of E, F in <S?(X). If δ c C is compact then it follows from Proposition 6.5 that the restriction of zl -T to F(δ)(X) is invertible for z G C\δ, with inverse R(z; T 8 ), such that R( , T δ ) is analytic in C \ δ. Here T 8 denotes the restriction of T
to F(δ)(X). Since (zl -T)F(δ)R(z; T δ )F(δ)x = F(δ)x
holds for all x e X and zeC\ί, it follows from Lemma 6.6 that
E(δ)F(8) = F(δ). It follows similarly that F(8)E(8) = E(δ).
From Proposition 6.7, it follows that E(8) = F(8) for all compact δ c C and this clearly suffices to prove the Proposition. If T is a scalar-type spectral operator in X, with resolution of the identity E, we denote by suppi? the complement in C of the largest open set V for which E(V) = 0. We remark that if T is a scalar-type spectral operator in X with resolution of the identity E, then it follows immediately from the preceding result that σ(Γ) = Π{δ: δBorel, E(δ) = l}.
If now / is a complex-valued Borel function on C, we denote by f(T) the spectral integral f c fdE. Just as in [7] , XVII 2.17 it follows that the resolution of the identity of f(T) is the spectral measure E(f~ι(-) ). It
